Magnetic and superconducting pairing correlation functions in a general class of Hubbard models, t-J model and a single-band Hubbard model with additional bond-charge interaction are investigated, respectively. Some rigorous upper bounds of the corresponding correlation functions are obtained.
I. INTRODUCTION
The study of superconductivity and magnetism in strongly correlated electron systems has been receiving intense interest recently. This may be attributed to the discovery of high temperature superconductivity. Since the idea to explain superconductivity in the frame work of strongly correlated electron systems (Hubbard model and its variants) was proposed [1] , numerous investigations on these systems have been done. For the many-body problems are difficult to solve, only a few rigorous results are known in literature [2] . Most of people used approximate or numerical methods to investigate spin and pairing correlation functions, and usually achieved some different, sometimes even conflict results. In addition, some difficulties in numerical methods remain unsolved. Therefore, a variety of interesting questions in these systems remain ambiguous up to date. For instance, a long-standing question, currently under debating, whether the Hubbard model simulates a Fermi-liquid or not, is still inconclusive. In this situation, it is really necessary to search for some exact results which, on the one hand, can be used to examine the validity of some kinds of approximations or numerical calculations, and on the other hand, can help us to further understand physical properties of these systems.
In this paper, we shall study magnetic and pairing correlation functions in the following systems: a general class of Hubbard models; t-J model; and a single-band Hubbard model with additional bond-charge interaction. By using Bogoliubov's inequality, we give some upper bounds for the studied correlation functions and susceptibilities, which, at some extent, may provide certain checks and standards for approximate methods. In some special cases, these bounds rule out the possibility of corresponding magnetic long-range order (LRO) and on-site pairing LRO.
In Sec.II a general class of Hubbard models are studied. Symmetries of correlation functions are discussed. The upper bounds for magnetic correlation function and on-site pairing correlation function are presented, respectively. An upper bound for the uniform magnetic susceptibility is also obtained, which indicates that the Hubbard model has non-Fermi-liquid property.
In Sec.III and IV, magnetic and pairing correlation functions in t-J model and a singleband Hubbard model with bond-charge interaction, are discussed, respectively. A simple upper bound for the average energy of the t-J model is obtained. It is also found that the decay of the magnetic susceptibility with temperature can not be slower than the β 3 2 law in the two models, implying that the two systems have non-Fermi-liquid properties.
In Sec.V conclusions and summary of the results are presented.
II. HUBBARD MODELS
Consider a general class of Hubbard models on a d-dimensional lattice with M (even) sites. The Hamiltonian is
where t r,r ′ is the hopping matrix element, and satisfies t * r,r ′ = t r ′ ,r . a r (b r ) annihilates a spin up (down) electron at site r, U r is the local spin-independent Coulomb potential, and 
A. Symmetries of correlation functions
First let us for convenience write down three well-known unitary operators explicitly [3] , which were frequently cited in literature, and were usually applied to study the transformed systems connected by them, but their explicit forms are less known. The unitary operator
r ) with ǫ(r) = (−1) r and U † 0 U 0 = 1 designs the well-known particlehole transformation [4] : We now give some relations for thermal correlation functions. It is noteworthy that some of which are trivial, but some are less obvious and thus worth to write down. As the expectation value of the commutator, [n
where < · · · > denotes the thermal average. Using the up-down symmetry, connected by 
due to S − commuting with H. This symmetry is essential, for it is local, and is valid for any r and r ′ . Similarly, we can obtain a lot of such symmetries, for instance,
with m = 1, 2, 3, ..., etc. It can be seen that some of above relations are obvious for translation invariant case, but less obvious for the system without the translation invariance, which are probably useful for numerical calculations, and meanwhile give some restrictions on approximate methods. Moreover, one may apply the unitary transformations, as mentioned above, to Eqs.(2.5), and can obtain the corresponding symmetries of correlation functions for the transformed systems. We will apply them below.
B. Magnetic correlation
Let us study the transverse spin correlation function < S 6) with β = T −1 (k B = 1) the inverse temperature. The relation between spin correlation function and magnetic LRO has been extensively established thirty years ago [6] . Since
we have
where the non-negativity of (2.7) comes from the fact that the inner product (B, B * ) ≥ 0 [5, 7] .
To obtain inequality (2.8) one has to substitute the definitions of spin operators into the lefthand side of (2.8), and then apply the Schwartz inequality to electron operators repeatedly
and B = S z r in (2.6) and noticing (2.7) and (2.8), we get a bound
for r ′ = r. One may note that the index r ′ in the right-hand side (RHS) of (2.9) has been eliminated due to using the Schwartz inequality in (2.8). The same situation occurs in the following. Obviously, as t r ′ ,r (r
there is no spin-spin correlation in the atomic limit, i.e., no magnetic (ferromagnetic and antiferromagnetic) LRO occurs in this case. One may notice that the RHS of inequality (2.9) depends only on off-diagonal correlation function < a † r a r ′ > and hopping matrix element t r,r ′ , independent of local Coulomb potential U r .
Define operators
Substituting (2.11) into (2.9) we have
If the system has translation invariance, then we from (2.12) verify rigorously a trivial fact
Although the bound (2.9) is lower than (2.12), sometimes the latter is also expected to be useful.
Since the RHS of (2.9) is intimately related to < a † r a r ′ >, we now discuss it. For r ′ = r,
for r ′ = r. This is a recursion inequality. It turns out to be
Moreover, we are also able to obtain a bound
for r = r ′ . The two bounds combining (2.9) may help us to understand more about the spin correlation function.
Let us turn to a special case for the moment. Assume that t r,r ′ = −t with t > 0 for r, r ′ being nearest neighbors, and 0 otherwise, like the standard single-band Hubbard model but including the local Coulomb potential U r . We introduce the Fourier transform of a † r
where the summation on p runs over the dual lattice defined by the boundary conditions. By summing over r ( = r ′ ) on both sides of (2.9) and inserting the Fourier transform into it we obtain r( =r where we have used (2.5) and < {A † , A} >≥ 0. Then from (2.6) we get
with Q(r) = − r ′ ( =r) t r,r ′ < a † r a r ′ > and P (r, r
noticing (2.13) we can obtain an upper bound for spin-spin correlation function temperaures [8] . Their calculated results are found to be smaller than the present bound, as indicated in Fig.1 . The reason for this discrepancy may be that in spite of the finite-size effects in numerical calculation, the present bound is suitable for macroscopic sizes of lattices and is better for high temperatures.
The spin susceptibility with the wave vector q is given by [9] χ q (T ) = β(S It should be noted that the susceptibility 1 M q χ q (T ) can be directly measured in experiments. Using the Falk-Bruch inequality [7] and (2.13), we obtain an upper bound
where C 0 (r) = 2β 2 R(r). By substituting above bound into (2.18) and changing the summation into an integral, we obtain the following bound
As assumed in Fig.1 , we plot F (β) versus temperature β −1 , where the unit of β −1 is also 2t, and the coordinate numbers are taken as 6, 4, 2, respectively, as shown in Fig.2 . We observe that F (β) has different behaviors compared with G(β), which decreases rapidly at low temperatures and tends nearly to zero for β −1 > 2.5. General speaking, if χ q (T )
is divergent at a certain temperature, then there is a magnetic phase transition at this temperature. On the contrary, if χ q (T ) is never divergent for any finite temperature, then the system will not exhibit a magnetic phase transition. Now we obtain a bound for χ q (T ) in the form of (2.19), which may provide some hints on the problem. At least, we can conclude that χ q (T ) is bounded for β −1 > 2.5, i.e., no corresponding phase transition occurs in the case. Kubo and Kishi [9] have obtained a bound of χ q (T ) for U < 0 in translation invariant case, and used the same spirit to analyze their result. Since the bound (2.19) is general, we expect that it may shed some light on the case of U r > 0.
We define the uniform magnetic susceptibility as usual [10] r,r ′ (r =r ′ ) G(β). In the thermodynamic limit, M → ∞. We therefore obtain
As assumed in Fig.1 , we plot K(β) versus temperature β −1 , as shown in Fig.3 , where β
is in units of t, and the coordinate numbers are taken as 6, 4, 2, respectively. We also plot the quantum Monto Carlo data [10] on an 8 × 8 lattice at U/t = 4 and < n >= 0.5, though our bound is for M → ∞, and the Curie-Weiss law χ cw ∼ 1 T −1 for comparison. As U r = 0, χ 0 should obey Pauli paramagnetic susceptibility, as calculated in Ref. [10] . As U r = 0, (2.21) gives an upper bound for the uniform magnetic susceptibility. Clearly, we from Fig.3 observe that the decreasing of the magnetic susceptibility with increasing temperature can not be slower than the cubed inverse law at low temperatures and the squared inverse law at high temperatures. As is well-known, the Fermi-liquid theory predicts finite susceptibility at zero temperature, exponential decay at low temperatures and Curie-Weiss law at high temperatures [11] . As shown in Fig.3 , one may find that the Hubbard model exhibits nonFermi-liquid behaviors at high temperatures, for the magnetic susceptibility does not obey the law predicted in the Fermi-liquid theory. We also note that the non-Fermi-liquid property of the Hubbard model has been observed numerically and analytically [12] . To this end, we have rigorously shown that the Hubbard model can not completely mimic a Fermi-liquid.
C. Pairing correlation
To investigate the on-site superconducting correlation, we need to calculate the onsite pairing correlator < η
limit [13] |r − r ′ | → ∞, namely, off-diagonal long-range order (ODLRO) [14] . As before, we use Bogoliubov's inequality. Choosing A = η 22) we have the bound
where we have used Schwartz inequality to bound < {η
This suggests that no on-site pairing correlation in the general Hubbard model exists in the atomic limit.
with < n a 0 >=< a † 0 a 0 > the number density with zero momentum of spin-up electrons, and further assuming that t r ′ ,r ≡ t = const., from (2.23) one obtains 25) with < n 0 >=< a † 0 a 0 + b † 0 b 0 > and ρ = r < n r > /M. We note that if t > 0 and < n 0 >≥ ρ or t < 0 and (2.25) . In other words, the system can not exhibit the on-site pairing condensation in the aforementioned circumstances. From the derivation, one may note that the electron hopping terms plays a key role in pairing condensation phenomena in itinerant electron systems. Besides, one may observe that the sign of t also has the effect on the final result, as shown above. Of course, this argument can also applies to (2.9).
If we exchange A and B in derivation of (2.23), then we can get | < η If t r,r ′ = −t for r, r ′ being nearest neighbors and/or next nearest neighbors and 0 for others, then similar to discussions for spin correlation functions we also have | < a † r b † r b r ′ a r ′ > | = 0 for r = r ′ at < n p >= 1. We notice that Veilleux et al [15] have recently studied the pair correlations of the Hubbard model with next nearest neighbor hopping by using quantum Monto Carlo method. Their consequences are qualitatively in agreement with the present rigorous result in their studied parameter region.
By substituting (2.13) into (2.23), we get a rigorous upper bound for the off-diagonal element of two-particle reduced density matrix Here we would like to point out that one may obtain the similar bounds as (2.27) for other pairings, for instance, the extended s-wave, d-wave, and so forth [17] .
III. T-J MODEL
This model has been extensively studied in recent years, but the rigorous result is rare, except that the one-dimensional (1D) supersymmetric model (J = ±2t) is exactly solved using Bethe ansatz [18] . Many approximate or numerical results on magnetic and pairing correlations in high dimensions in this model are quite different so far [8] . We study the following Hamiltonian
on a d-dimensional lattice, where the notions are the same as in Sec.II, < r, r ′ > are nearest neighbors, J > 0 (we here consider J, without loss of the generality, as an independent parameter) and t > 0. The different forms of the model has been discussed elsewhere [19] . In this model, we assume that the double occupancy of every site is excluded. In other words, each lattice site is constrained to have either one electron (with spin up or down) or none, as usual. It can be seen that the system has SU(2) spin symmetry. We may also obtain some symmetries of correlation functions as in Sec.II. In this section we will first derive an upper bound for the average energy, then study the spin-spin correlation function, and finally discuss the nearest neighbor pairing correlation function.
occupied sites, one has < n r n r ′ >≤ 1 2
(< n r > + < n r ′ >). Substituting these facts into E 0
We like to point out that the bound (3.4) is generic, not limited to the translation invariant system, and is valid for arbitrary filling fraction and arbitrary dimensions. If the system has the singlet ground state, then E 0 is the ground state energy, and < ... > thus means the average in the ground state. If the ground state of the system is degenerate, then E 0 can be understood as the average value over all ground states. At half-filling, the t-J model reduces to the Heisenberg antiferromagnetic model. In 1D the ground state energy is well known to be E 0 /M = −Jln2 [18] , which clearly satisfies (3. For a special case t = X, the system possesses the symmetric particle-hole symmetry, connected by the unitary operator U 1 , as discussed in Ref. [27] , the η pairing symmetry [26] at half-filling, and so forth. This model is really interesting, and the details will be presented in a seperate publication.
V. CONCLUSIONS AND SUMMARY
We have rigorously investigated magnetic and superconducting pairing correlation functions in a general class of Hubbard models, t-J model and a single-band Hubbard model with additional bond-charge interaction by means of the Bogoliubov's inequality, respectively. Some corresponding upper bounds are obtained, which are expected to provide certain checks and standards for approximate methods. In some special cases, these bounds rule out the possibility of corresponding magnetic and pairing LRO.
For the Hubbard models, we obtained an upper bound for spin-spin correlation function, which indicates that the decay of the correlation function with temperature can not be slower than the squared inverse law at low temperatures and the inverse law at high temperatures.
We also derived an upper bound for spin susceptibility which may shed some light on the temperature-dependence of the susceptibility with wave vector. From them we note that there is no magnetic LRO in the atomic limit and in the case with the momentum distribution function being constants for the model with only nearest neighbor hoppings. An upper bound for the on-site pairing correlation function was obtained, which suggests that the decay of ODLRO with temperature is not slower than the inverse law. The bound for the uniform magnetic susceptibility indicates that the Hubbard model has non-Fermi-liquid behaviors at high temperatures, consistent with the numerical prediction. Since our method is rigorous, the present result may be applied to clarify some contradication in approximate calculations.
In addition, we found that there is no on-site pairing correlation in the atomic limit and in the cases either t > 0 and < n 0 >≥ ρ or t < 0 and < n 0 >≤ ρ (see (2.23)) or < n p > being constants for the single-band model but with local Coulomb interaction. It is emphasized that all obtained bounds are independent of the local on-site Coulomb interaction and are valid for arbitrary dimensions.
For the t-J model, we for the first time obtained an upper bound for the average energy at zero temperature for arbitrary electron fillings. If the ground state of the system is unique, then the upper bound is just that of the ground state energy. Since the bound is rigorous, it provides standard for approximate and numerical methods. We also obtained a lower bound for the Néel order, which may shed useful light on the antiferromagnetic order of the system. An upper bound for the spin-spin correlation function was derived, which implies that the decay of the uniform magnetic susceptibility with temperature in the model is not slower than the β To conclude, we have rigorously shown that the Hubbard model, the t-J model and the Hubbard model with additional bond-charge interaction can not completely mimic a
Fermi-liquid in arbitrary dimensions. Fig.3 The temperature dependence of the bound (2.21), where β −1 is in units of t, and coordinate numbers are taken as 6, 4, 2 respectively, as indicated. The numerical data are taken from Ref. [10] .
